A simple model for gas-surface scattering is presented which permits treatment of inelastic effects in diffractive systems. This model, founded on an impulsive collision assumption, leads to an intensity distribution which is just a sum of contributions from n-phonon scattering events. Furthermore, by using a convenient form'for the repulsive interaction potential, analytic expressions are obtained for the elastic and one-phonon intensities that are in qualitative agreement with experimental results.
Introduction
Ever since the early days of quantum mechanics, there has been a continuing interest in trying to understand and describe the nature of the scattering of gaseous atoms and molecules from various types of solid surfaces. With the discovery of diffraction peaks in the scattering of a helium beam from a lithium fluoride crystal plane, theorists were able to construct the first crude models for the gas-surface interaction which gives rise to the observed diffractive phenomena [ 11. Not until more recently, however, has much progress been made in the development of a global theory which would allow one actually to identify all or most of the structure yielded by experiments. Notably, Goodman [2] and later Goodman and Tan [3] , using a continuum model of the solid and obtaining transition probabilities via the method of Cabrera, Celli, Goodman, and Manson [4] (CCGM), were able to calculate a scattering distribution for the He-LiF(OOl) system which at least qualitatively reproduces the experimental inelastic results. Other work by Lin and Wolken [5] , who performed a close-coupling calculation, and by Metiu [6] has also helped to clarify the physics of the gas-surface collision, although both the approaches taken by these investigators require extensive numerical computation before the scattering structure can be revealed. On the other hand, the state of the theory has also benefited from the consideration of simplified scattering models which permit one to identify the particular constituent effects that give rise to the composite intensity pattern. A good example of just such an approach is to be found in the work of Weare [7] , who has examined the specific case in which the surface and gas temperatures are sufficiently low that a first-order perturbative treatment of the inelasticity adequately describes the scattering from a smooth potential surface.
In the present work we provide a simple alternative one-dimensional surface model which manifestly displays the principal features of both the elastic and the inelastic processes. Although the basic formalism has been previously described elsewhere [8] , the model which we have adopted in fact permits an analytic determination of the scattering intensities, thereby adding substantially to the understanding of the consequences of such a formulation.
There appear to be two major stumbling blocks in evidence in the bulk of the previous inelastic studies. The first is the assumption that in the absence of phonon excitations, the crystal surface is flat [2, 7, 9] . Such an assumption is clearly inadequate if a unified model is to be constructed due to the fact that for a flat surface specular scattering is the only elastic process allowed. Consequently, one should select a form for the gas-surface interaction potential (the surface contour being classically just the turning-point surface for this potential at the given collision energy) which yields a version of the corrugated hardwall potential in the limit of zero phonon displacement inasmuch as such a corrugated contour is known to produce the desired diffraction peak structure [lo] .
Secondly, there is always a problem involved in treating the phonon mode enumeration and averaging. Elaborate treatments, such as that by Beeby [9] , have all of the proper phonon dynamics incorporated in them; however, the difficulty of such inclusion makes those formalisms somewhat cumbersome to use while apparently adding little to the construction of a straightforward physical picture of the scattering. Furthermore it is desirable to avoid ad hoc averaging procedures [ 1 l] whose accuracy is hard to evaluate. In the model described below, we have handled these modes in a very intuitive way which does indeed seem to generate the gross phonon structure but at the same time does not obscure the fundamental physics.
This work takes advantage of the widely used assumption that the scattering pattern arises as a result of a more or less purely repulsive two-body short range component of the gas-surface interaction. Such an assumption logically leads to an impulsive collision model, which itself has a basis in experimental findings [ 121, so that the surface motion may be effectively decoupled from the actual collision dynamics within the interaction time interval. Equivalently, this particular model has been obtained by Weare [7] in the limit that for a given initial energy state of the solid, the translational energy of the incident gas atom is allowed to become large. By making this approximation, we do, however, necessarily restrict our formalism to the collision of light atoms such as helium with the surface, although in practice these are the very systems which are amenable to experimental study. A more detailed discussion of the impulsive collision assumption is given in section 2.
Impulsive collision approximation
The basic problem in which we are interested is the calculation of a transition probability (i.e., a scattering intensity) from some initial wavevector ki, which describes the unperturbed motion of the incident gas atom, to a final wavevector for the scattered atom kf, with a concurrent energy loss (or gain) due to inelasticity, Al?. Practically, since at present one cannot experimentally characterize precisely the quantum states of the solid before or after the collision, it is necessary to average appropriately over the phonon modes if one is to obtain a quantity which can actually be observed. Thus, the scattering intensity may be written in terms of an S-matrix element as (2.1)
where nr and n2 label respectively the initial and final phonon states having energies en1 and en2. [In addition, Q is the phonon partition function, and fl= (kBT&* (with kB being Boltzmann's constant and Ts the characteristic surface temperature).]
As indicated in the Introduction, one then commonly proceeds by taking the short-range gas-surface interaction to be repulsive, the limit of which being a simple hard wall. Certainly if diffractive elastic scattering dominates the intensity pattern, then it is reasonable to assume that the collision may be modeled in zeroth order by a hard sphere rebounding elastically from an infinitely hard surface. More realistically, the surface is described as being a corrugated wall which undergoes distortions due to the excitation of phonon modes in the solid, these distortions presumed to be a small percentage of a lattice dimension, and that this motion is slow compared to the collision time (which, of course, in the case of a perfectly hard wall is infinitesimal).
The above impulsive collision assumption may be introduced into eq. (2.1) by writing the S-matrix element in the sudden approximation form [ 131,
where in this particular case the phase shift n depends not only upon the coordinate parallel to the surface plane, x, but also parametrically upon the vector of phonon normal mode displacement coordinates, 4 = (qi}. Since we have assumed the gassurface repulsive interaction to be well described by a hard wall potential, it then follows that the phase shift is given by the hard sphere scattering result [ 141, i.e., where Z(x; q) is the equation of the surface contour. But now how does one actually determine a form for this surface contour? Presumably, if the distortions which arise as a result of the excitation of the phonon modes are, as was previously suggested, sufficiently small in amplitude, then the contour should be adequately described by a truncated Taylor series, the expansion being made about the equilibrium surface position, Within this expansion the product ti(x)4i may be interpreted then as being the displacement of the surface contour at x as a result of the excitation of the ith normal mode, the total displacement at x being obtained by summing over all of the N modes of the surface atoms. Unfortunately it will in general not be possible to determine c(x) analytically; however, for the case which we shah examine in section 4, thei vectors may be constructed, and hence the surface contour (and thus the phase shift) may be obtained.
Formal Considerations
Using the results of the previous section (eqs. (2.1) (2.2) and (2.4)) the scattering intensity is given in the impulsive approximation by lAE,kf+ki =c c exp(pr)
where $nr,and &a are, respectively, the initial and final quantum states of the solid, and Ak, and Ak, are the projections of Ak = Ikf -kt 1 parallel and perpendicular to the plane of the surface. One then notes that since the coordinate representation of the transition operator is given here by 
where T(t) is the time-evolved transition operator Tin the Heisenberg representation,
and He is the phonon ~amiltonia~. The time correlation function thus defined may be evaluated by re-expanding in terms of the T-matrix elements,
Assuming that the phonon modes are harmonic, the terms in square brackets in eq. 
the new instantaneous position correlation function C(x, x'; t) being given by (here m and Oj are the mass and frequency of the ith mode). The integrals over phonon mode displacement coordinates are of the general gaussian form and therefore may be done analytically, the details of which will not be given here. Suffice to say, after a substantial amount of algebra one obtains Then, recognizing that the mean square displacement of a harmonic oscillator [ 161 is just
the correlation function may be rewritten as
At this point one may identify the Debye-Waller factor, defined by
Furthermore, if Le pass to the classical limit then tanh(hti#/2) + (hO#/2), with the result being that eq. (3 S) takes the form cCL(x, x'; t)= e-w(x) e-w(x') exp C Ak:Q,?) {j(X) S&X') i
(Note that the completely classical result (tz = 0) is obtained by totally neglecting the imaginary part of AIV.) While eq. (3.6) is the exact result for the correlation function within the impulsive collision assumption, in its present form one is not able to identify easily the elementary physical processes which give rise to the observed effect. In order to reveal these processes, the last exponential is expanded in a power series, which when substituted with eq. (3.4) into (3.1) leads to the following equation for the scattered intensity:
Since the time enters into AW through a cosine term only, the time integral simply yields energy delta functions,
(terms through first order in ALV being shown explicitly). In this form the component elementary scattering processes may be easily recognized: the first term produces just the purely elastic spectrum with peak intensities attenuated by Debye-Wailer factors, the second term represents the one-phonon inelastic event, and the remaining terms account for higher order phonon processes. Note that in the one-phonon term the phonon annihilation (AE = + Aaj) and creation (AE = -tzWj) contributions are symmetric in the completely classical result, and that even though when quantum effects begin to become significant such that the intensity symmetry is broken, the positions of the inelastic peaks are unaltered.
Due to the periodicity of the surface, it is advantageous to transform the x-integrals into sums of integrals over a unit cell. Since the details of this transfonnation are given in Appendix A, we will only indicate the final results here. For the component intensities one finds that
where N is the number of unit cells within the experimental interaction zone. Eqs. (3.7) represent the general result for the scattering intensity due to elastic and one-phonon inelastic processes. (We are ignoring for the time being any higher order processes which give rise to any effective elastic or single-phonon transition, e.g., a two-phonon event in which the same phonon is first annihilated and then created or vice versa.) Although higher-order phonon terms may be similarly constructed, it will be convenient to restrict ourselves to consideration of only these two contributions, although there seems to be no general consensus as to the appropriateness of the one-phonon approximation [7, 9] .
Interaction potential
The formal solution given in the previous section, while perhaps somewhat illustrative, does not really provide a physical picture of the collision due to the presence of the as yet unknown {-vectors. In order to obtain analytical formulae which clearly reveal the scattering structure, it is necessary to adopt a model potential which as least qualitatively represents the true gas-surface interaction while at the same time permits a tractable solution to the problem. Remembering that the impulse approximation supposes that the interatomic forces are .fundamentally repulsive, we take as our model potential the simple two-body form
where I', is some scaling parameter which also sets the units properly, the adjustable parameters 0 and y are measures of the range of the potential, and (xi, zj) is the instantaneous position of the jth surface atom.
Furthermore, let us assume that the solid atoms have only two unique vibrational frequencies, w, and oz, respectively corresponding to oscillation parallel or perpendicular to the surface plane. Such an assumption implies that we are considering some sort of modified Einstein solid, a consideration which shall be discussed in more detail in section 5. The phonon mode displacement coordinates, qy and q;, are therefore just the displacements of the jth atom from its equilibrium position. Thus, if the coordinate system is fixed with the origin at the equilibrium position of one of the surface atoms xi=ja+qi*, zi=q;. (Since the sum is presumed to be rapidly convergent, we retain only the I= 0, + 1 terms.) Consequently, eq. (4.3) becomes
where Z,, is just a constant (and whiih therefore only scales Z(x)) and ha is the surface amplitude. One may easily see now that Z(x) does indeed have the canoni-cal form of a corrugated surface and is, as required, periodic in x. Having made the assumption that the surface atoms oscillate with the normal mode frequencies, the {-vectors may be easily generated:
T,(x) = .a9 
Before proceeding further, notice that the vector involving displacement of the surface atoms parallel to the surface, cxi(X), is inversely proportional to the potential parameter 7. Just by looking at the form of eq. (4.1), it is clear that if the potential function is to mimic a strongly repulsive interaction, then y must be large, otherwise the impulsive collision approximation is invalid. But for large y, {xi(X) Q (z&X), and thus the x-motion of the surface atoms may essentially be neglected with respect to motion perpendicular to the surface. This neglect of in-plane motion is used almost universally in the work of others, and therefore it is encouraging that our model shows this feature explicitly.
The same methods which lead to the simplification of the summation in eq. 
Discussion
The final equations of section 4 provide an analytic form for the scattering intensity pattern which is produced by the assumed pairwise repulsive potential, eq. (4.1) through first order in the inelastic phonon effects. Clearly, the basic structure is dominated by the elastic diffraction term, producting delta-function peaks whenever Ak, is equal to a reciprocal lattice vector, although the intensities of these peaks are attenuated by a Debye-Waller factor. This primary structure is then augmented by inelastic lobes on either side of each diffraction peak. (Of course, the actual peak profile may be greatly complicated by the overlap of inelastic lobes with nearby elastic structure). Any direct broadening of the elastic peaks can only be caused in our model by "experimental" effects such as a distribution of incident velocities; broadened inelastic peaks, however, are explicitly predicted as a result of a gaussian distribution of AkX values which is centered about the diffraction condition. We should note, though, that if the phonon frequencies are sufficiently low, the expected peak shape would more closely resemble a sharp spike with broad inelastic 'wings" near the' base. But in any case we would predict that any observed diffraction peak width should correspond roughly to the width of the incident velocity distribution.
To make a quantitative comparison between the theoretical results we have obtained and experimental measurements requires considerable computational work. It would be necessary, e.g., to average our expressions over the appropriate distributions of intitial velocities as well as over the finite detector width, and then one could vary the various parameters in the interaction potential to see if the data were explicable in terms of reasonable values of the parameters. Although such calculations are desirable, they are beyond the scope of this paper, which has been to show how a simple analytical model can account qualitatively for the various aspects of diffraction and of energy transfer. With these limitations in mind, however. a qualitative comparison of Williams [ 181 results with our model is useful and somewhat encouraging. For example, our model does appear able to reproduce the basic structure and positions of the inelastic scattering lobes, which are seen as low bumps slightly separated from the strong elastic peaks. We also note that some asymmetry in the annihilation and creation intensities may be observed in the experimental measurements, although it appears that those results tend to show the phonon annihilation lobe (i.e., the lobe shifted toward the surface normal) to be somewhat more intense than the corresponding creation lobe, whereas our model would predict that phonon creation would be the dominant effect if any asymmetry is present. [In the limit of a very cold surface, it is clear that phonon creation should be the principal energy transfer process simply because there are relatively few excited phonon modes available for annihilation.
Eq. (3.7b) explicitly yields such a result for appreciable values of 0 (i.e., for low surface temperature).] Although at present one really cannot elaborate further on the agreement with experiment, it should be mentioned that essentially no features are yielded by the proposed model which cannot be roughly correlated with the observed intensity structure.
Inasmuch as there does seem to be reasonable qualitative agreement between the model and experiment, it is interesting to consider why the modified Einstein description of the solid appears to be adequate. The obvious conclusion to draw is that actually only a narrow range of phonon mode frequencies contributes significantly to the scattering, and thus most solid descriptions give essentially the same results. Generally it appears that our basic assumptions, namely an Einstein solid and a periodic surface, compare very favorably with the more customary postulate of a Debye solid with a flat surface. Certainly in the limit where the two solid models do yield effectively identical phonon structures, the ability to describe both diffraction and inelastic transitions within a single unified formalism is indeed a definite advantage.
Aside from the omission of any experimental averaging as mentioned above, there is one more general feature of the gas-surface scattering problem which we have ignored. That feature involves the presence of a long-range attractive part in the actual two-body potential. As mentioned by others, inasmuch as the detailed structure of such an attractive potential apparently has little or no bearing on the scattering pattern in the absence of surface trapping, a simple square well form for the attraction seems adequate. We have chosen to ignore the well altogether in our model by making the assumption that the only consequence of considering such a well is the addition of a momentum increment perpendicular to the surface to an approaching gas atom and the subtraction of a corresponding increment from the scattered atom. Naturally, this quasiclassical assumption leads to a change in the actual incident and predicted scattered angles, although these modified angles may, of course, be simply related to the experimentally observed angles [19] . But because the scattering pattern has the same qualitative features with or without a well, we have opted to neglect completely the presence of any attractive well.
Before concluding, we wish to stress the point that the width of the inelastic scattering lobes are, as expected, related to the degree of inelasticity present, This width, arising as a result of a gaussian distribution of Ak, values in the Ii term, may be correlated with the effective Debye-Waller factor, eq. (4.9) which to order fi2 is just a multiplicative constant. Specifically, for this particular gaussian distribution the standard deviation may be written Notice then that with this definition one may write the effective Debye-Waller exponent as v= ia Akz(q,') .
Hence for smaller 0, i.e., for a narrower distribution in Ak,, pis also smaller, which implies that e-2w is closer to unity -this is indeed the expected concerted behavior for a system which is becoming less inelastic. Furthermore, since a depends on the potential parameter (Y, one may conclude that a decrease in (Y, corresponding to a "loosening" of the potential in the x-direction, would simultaneously cause a reduction in the observed inelastic intensity. Finally, in conclusion, we summarize the qualitative features of the results obtained from our scattering model: (1) the elastic scattering peaks are infinitely sharp if the incident atomic beam is monoenergetic; (2) the inelastic scattering peaks are broadened even for a monoenergetic beam, with the peak widths being dependent upon the interaction potential parameters and not upon either the surface temperature or the collision energy; (3) the effective Debye-Waller factor, eq. (4.9), shows the expected temperature dependence (inasmuch as it is a function of Qz)), and appears to first order as just a multiplicative term; (4) the surface amplitude, ha, is independent of the collision energy in the static surface limit, although the actual position of the potential turning-point contour is a function of E; (5) the effect of the in-plane motion of the surface atoms is negligible as compared with the effect due to motion perpendicular to the surface plane; (6) the symmetry of the one-phonon annihilation and creation lobes does exhibit a temperature dependence, with the two being toally symmetric only in the high temperature limit (the positions of the lobes do not, however, show any such dependence).
Overall, the present work provides a very convenient and instructive model for the gas-surface collision problem. Although in principle the formalism allows one to treat all possible n-phonon inelastic scattering processes, we have shown that it is possible to obtain a good qualitative agreement with experiment by only examining the one-phonon effect. It is also encouraging that such results are obtainable from a one-dimensional surface model, even though it is reasonable to expect that extension could be made to a two-dimensional lattice with little difficulty. We feel particularly confident that the absence of the commonly used flat-surface assumption provides a definite advantage in that the treatment of a wider range of structured surfaces becomes possible. This same appro~mation procedure is then used for the calculation of the integrals in eq. (4.7), still retaining only the terms through p2. By this method, the integrals
